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Introduction

Liquid-fluidized beds are being used increasingly in a wide
range of industries (Di Felice, 1995). Although there has been
growing interest in the emerging area of expanded bed adsorp-
tion, liquid-fluidized beds are also gaining increasing interest
from more traditional areas, such as mineral processing, as
evident from the new range of separators; for example, the
Knelson concentrator (Rubiera et al., 1997), and the reflux
classifier (Galvin, 2003). In these applications the system in-
volves particles covering a wide range of sizes and densities, a
significant complication from both a practical and theoretical
perspective. More recently, the liquid fluidized bed has been
used to obtain the washability curve for a coal and mineral
matter feed (that is, the density distribution of the particles), as
a replacement for the traditional sink-float method which relies
on toxic heavy organic liquids (Galvin, 2003). In this method,
particle species that reside at a common position within the
liquid-fluidized bed, such as small high density and large low
density particles, are sampled and further fractionated by using
sieves. The level of segregation achieved in the fluidized bed is
clearly dependent upon the particle slip velocities and the
levels of dispersion, both of which are poorly understood,
especially when the particle size and density varies widely. Our
basic objective in this article is to provide a generalized frame-
work for describing the segregation and dispersion of more
than two-particle species in a liquid-fluidized bed. While this
work is immediately applicable to understanding the limita-
tions of the new washability method, it is also relevant to
describing liquid-fluidized beds in general, and to the longer

term understanding of the factors that influence the particle slip
velocity and dispersion coefficient.

Although the phenomenon of dispersion in liquid-fluidized
beds is well recognized, remarkably little work has appeared on
the modeling of such systems. Kennedy and Bretton (1966)
introduced the concept of a segregation velocity to account for
the effects of dispersion on the distribution of particles in a
liquid-fluidized bed. Their basic formulation continues to un-
derpin all models referred to in this article including the one we
propose. Van Duijn and Rietema (1982) also discuss the phe-
nomena of segregation in liquid-fluidized beds, and Jean and
Fan (1986) provide a simple and novel criteria for determining
the segregation velocity and, hence, the dispersion, especially
in the context of bed inversion. Asif and Petersen (1993)
developed a useful analytical solution to describe the concen-
tration distribution, due to the dispersion of a binary system of
particles, with a number of restrictions imposed. More recently,
Chen et al. (2001, 2002) developed a comprehensive model to
describe the segregation and dispersion in a liquid-fluidized
bed classifier operated under continuous conditions. Their
model used an iterative technique based on the overall material
balance to obtain convergence and agreement with the outlet
condition.

A common weakness associated with previous models has
been the need to know a priori the final boundary conditions
for the batch fluidized bed, or exit boundary conditions in the
case of a fluidized bed operated under continuous conditions.
The difficulty of specifying the upper boundary condition in a
batch system, especially the variable bed height, is noted in the
review by Di Felice (1995). Patwardhan and Chi Tien (1984)
used an iterative scheme in conjunction with a mass balance in
order to arrive at the steady state concentration profiles. Gibi-
laro et al. (1985) removed the dependence on height altogether
in order to overcome the problem of the boundary condition.
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In this article, we detail the complete formulation of a
generalized dynamic model of the segregation and dispersion
of multiple particle species in a liquid-fluidized bed. We pro-
vide a system of first-order differential equations to describe
the transport of particles between adjacent layers. Our ap-
proach is unique as it does not require knowledge a priori of
the final boundary conditions. Hence, it is truly predictive,
assuming the dispersion coefficient is known. The moving
boundary value problem, which arises because of the natural
variation of the bed height with time, is transformed into a
fixed boundary problem via the front fixing technique of
Landau (1950), previously employed by Thelen and Ramirez
(1999), to describe the fluidization of a single particle species
system.

For illustrative purposes, the steady state predictions of the
model are assessed using existing experimental data on a
binary system of particles of the same size and slightly differ-
ent density, and a brief discussion of the predicted dynamics
provided. The discussion is then extended to cover the dynamic
predictions of a three particle species system.

Theory

In the following analysis the upwards direction is taken as
positive. Prior to achieving the final equilibrium state, a given
particle species at a specific elevation in the vessel will exhibit
a net particle flux relative to the vessel, given by

Ni
V � �ivpi (1)

where i represents a single particle species having a specific
size and density, vpi

the particle velocity relative to the vessel,
and �i, the local volume fraction of the species concerned.
Introducing the usual representations for dispersion and segre-
gation, the following governing equation is obtained. That is

Ni
V � �ivpi � �Di

��i

�z
� �ivsi (2)

The dispersion of species i is given by the product of the
species dispersion coefficient, Di, and the species concentra-
tion gradient ��i/� z. The segregation flux, which is equivalent
to the particle flux in the absence of dispersion, is the product
of the segregation velocity vsi

, and the local volume fraction of
solids �i. The segregation velocity vsi

, is obtained using

vsi � vslipi � vf (3)

where vslipi
is the slip velocity of particle species i, and vf the

interstitial fluid velocity. Slip velocities are calculated from a
specific phenomenological relation. One model is the tradi-
tional Richardson and Zaki (1954) relationship

vslipi � vti�1 � ��ni�1 (4)

where vti
is the terminal velocity of the particle species in

isolation, � the total volume fraction of all the species at the
given location, and ni an empirical exponent. It is evident from
Eq. 2 that when the system reaches equilibrium, and, hence, Ni

V

is zero, there exists a direct balance between the dispersion and
segregation fluxes. If there is no concentration gradient at
steady state, then the segregation velocity must also be zero.
However, in the presence of a concentration gradient at steady
state, there exists a nonzero segregation velocity. This finite
velocity opposes the dispersion, and, hence, is responsible for
driving the particles into the segregated state.

In developing the model, the first step involves calculating
the interstitial fluid velocity, vf, which in turn permits the
calculation of the segregation velocity via Eq. 3. Continuity
requires that the total volume flux through the system equals
the superficial fluidization velocity. That is

vf�f � � vpi�i � vo (5)

where �f is the volume fraction of the fluid, and �i the volume
fraction of species i. The fluid velocity is then obtained by
incorporating Eqs. 2 and 3 and rearranging. That is

vf � vo � � ��Di

��i

�z
� vslipi�i� (6)

The interstitial fluid velocity is clearly a consequence of the
superficial fluidization velocity, and the combined effects of
the segregating and dispersing solids. At steady state, the
particle flux in Eq. 5 is zero, and, hence, a simpler result for the
interstitial fluid velocity can be obtained. That is

vf � vo/�f (7)

Equation 7 is sufficiently accurate under dynamic conditions
and, of course, exact as the system reaches steady state. It is
noted the fluid volume fraction can be related to the total
volume fraction of solids � by �f � 1 � �, where � � ��i.

We now begin the main specification of the model. The
dynamic material balance of species i gives

��i

�t
� �

�Ni
V

�z
(8)

Substituting Eq. 2 into Eq. 8 gives a second-order partial-
differential equation

��i

�t
� Di

�2�i

� z2 �
��ivsi

� z
(9)

It has been observed experimentally that, depending upon
the initial conditions, some rather significant variations can be
experienced in the bed height h. At the top of the bed the flux
of species j, the slowest settling species, determines the change
in the bed height.

Returning to Eq. 2, and noting that vpj
� dh/dt, then

�j

dh

dt
� �Dj

��j

�z
� �jvsj (10)
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This variation in the bed height needs to be addressed when
introducing finite difference equations to describe the flux
transport at each level. Thus, we introduce the dimensionless
variable for distance, z* � z/h to transform the spatial deriv-
atives (Thelen and Ramirez, 1999). The equation for species i,
therefore, becomes

��i

�t
�

Di

h2

�2�i

� z*2 �
vsi

h

��i

� z*
�

�i

h

�vsi

� z*
�

z*

h

dh

dt

��i

� z*
(11)

The bed height is given by the differential equation at z* �
1 as

dh

dt
� vsj �

Dj

�jh

��j

� z*
(12)

Here, the volume fraction and segregation velocity used are
based on the species that determines the actual bed height,
since it is the one that has the lowest slip velocity.

As already noted, we use the earlier dynamic model to
approach the steady state solution. The fluidized bed is as-
sumed to have a uniform distribution of particles at time zero.
We make a quasi-steady state assumption that the fluid phase
dynamics are faster than the particle-phase dynamics. This
allows us to use Eq. 7 rather than Eq. 6.

Solution Strategy

The solution strategy adopted to solve the mathematical
model was based on the method of lines (Crank, 1984). Due to
the nonlinearities in the model, finding stable finite difference
schemes can be difficult. Since the method of lines only uses
finite differences for the distance derivatives, the solution can
be obtained using a system of ordinary differential equations
with sufficiently small time intervals. However, by using a very
robust ordinary differential equation solver for the time do-
main, the size of the time interval can be expanded, while
ensuring stability. For this problem a stiff differential equation
solver is required due to the very nonuniform dynamic behav-
ior of the system. The stiff differential equation routine ode15s
of Matlab� (Matlab is a trade mark of MathWorks, Inc.) was
used. The set of ordinary differential equations become

d��i�k

dt
�

D�i�

h2�z*2 ���i�k�1 � 2��i�k � ��i�k�1�

�
vs�i�k

2h�z*
���k�k�1 � ��k�k�1� �

��i�k

h�z*
�vs�i�k�1 � vs�i�k�

�
z*k

2h�z*

dh

dt
���i�k�1 � ��i�k�1� (13)

where k indicates the spatial location.
The no flux boundary condition at the bottom of the bed, z*

� 0, is

��i�0 � ��i�2 �
2vs�i�1h�z*

D�i�
��i�1 (14)

At the top of the bed, z* � 1, the no flux boundary condition
applies to all species since they do not leave the fluidized bed.
This condition still permits an expansion in the actual bed
height, however

��i�H�1 � ��i�H�1 �
2vs�i�Hh�z*

D�i�
��i�H (15)

The finite differencing for the bed height relation becomes

dh

dt
� vs� j�H �

D� j�

�� j�Hh�z*
��� j�H � �� j�H�1� (16)

Assessment of the Dynamic Model

Recently, Callen et al. (2002) demonstrated and quantified
the phenomenon of dispersion using a model particle system
consisting of just two species under batch conditions. The
particle species were of the same nominal size, ranging from
1.18 to 1.40 mm, however, one was 1400 kg/m3, and the other
1300 kg/m3 in density. The sedimentation behavior of each
species was characterised experimentally on its own using the
Richardson and Zaki (1954) equation, to obtain the empirical
terminal velocities and exponents needed in Eq. 4. The values
are provided in Table 1.

The numerical results in Figures 1a and 1b, show the com-
plex transient nature of the dispersion phenomenon, and, also,
the final steady-state solution for the heavier and lighter spe-
cies, respectively. Figure 2 shows the theoretical bed height
progression, with an initial rise, a contraction, and then an
approach towards the equilibrium value of about 1.26 meters.
It is evident that the final bed height is predicted rather than
imposed. The numerical solution was based on an initial uni-
form concentration distribution for each species. In the absence
of a satisfactory model for predicting the dispersion coefficient,
the Peclet number was adjusted in order to produce the best
possible agreement between the steady state solution and the
experimental data. Although a common dispersion coefficient
was used for the two species, because of their similar size and
density, each species can in principle be prescribed a different
value. At the superficial fluidization velocity of 0.045 m/s, the
final bed height was 1.26 m, the dispersion coefficient 0.0006
m2/s, and, hence, the Peclet number voh/D, 95. The calculated
steady-state conditions provide a reasonable fit of the experi-
mental data.

The dynamic behavior of the heavier species shown in
Figure 1a indicates a relatively uniform approach toward
steady state. The dynamic response of the lighter species
shown in Figure 1b, however, indicates a very nonuniform
response at the top of the bed. It is very interesting to note that
the volume fraction of the lighter species, which eventually
reaches a maximum at the top of the bed, passes through a time

Table 1. Monocomponent Data for Particles Species used in
the Binary Experiments

Particle Density
(kg/m3)

Richardson-Zaki
Exponent n

Terminal Velocity
(m/s)

1,300 2.8 0.053
1,400 2.9 0.059
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period when the value is lower than the initial uniform value
(times of 116, 212, and 394 s). There is then a dramatic rise in
the volume fraction value at the top of the bed during the time
period of 394 to 636 s, and then a uniform approach toward the
steady state condition. The experimental data in Figure 1b near
the top of the bed exhibit a decreasing volume fraction, similar
to that obtained numerically prior to the final steady state. This
finding suggests that the data reported by Callen et al. (2002)
may have been obtained before the actual steady state was
reached. The theoretical time required for the lighter species
concentration to reach the equilibrium value near the top of the
bed was about 15 min.

It is noted that the solution can sometimes become unstable
near the top of the bed due to the rate of change in the bed
height being dependent on the term (Dj/h�j)(��j/� z), as
shown in Eq. 13. This term could become singular if the
volume fraction of the lighter species at the top of the bed
decreased toward zero more rapidly than the concentration
gradient term. If the dispersion coefficient is marginally too
large, the overall term exceeds the maximum possible segre-
gation velocity in Eq. 12, and, hence, the bed height grows
without limit. It is noted, however, that this growth is associ-
ated with an infinitesimal concentration of the lighter species,
and that the effective bed height still remains finite. A slight
reduction in the value of the dispersion coefficient of the lighter
species at the top of the bed is generally enough to overcome
this effect.

Figure 3 shows the theoretical concentration distributions for
a three species system, based on the circumstances of the
experiment run at a superficial fluidization velocity of 0.045
m/s, and a dispersion coefficient for each species of 0.0006
m2/s. Again, a common dispersion coefficient has been chosen
for convenience, given the particles are so similar in size and

density. For this simulation, the terminal velocity of the third
species was set at 0.056 m/s, and the Richardson and Zaki
exponent at 2.8. This result is presented in order to demonstrate
the generality of the model developed in this study for any
number of species. It is evident that the three particle species
overlap considerably and, hence, that there is a loss of the
monocomponent presence evident in the previous cases. A
considerable period of time was required to achieve satisfac-
tory convergence of the solution, involving some subtle evo-
lution in the concentration distributions in order to produce the
correct steady state segregation velocity distributions. The dy-
namic response of the heavier species shown in Figure 3a is

Figure 2. Variation in bed height vs. time for the experi-
ment conducted at a superficial fluidization
velocity of 0.045 m/s, showing convergence to
the final steady-state bed height of 1.26 m.

Figure 1b. Concentration distribution for lighter species.
Superficial fluidization velocity � 0.045 m/s. Dispersion
coefficient � 0.0006 m2/s. Model predicts the progression
toward steady state with the time values indicated. Experi-
mental data are indicated by the discrete points (circles are
used to denote data based on the pressure transducer read-
ings, square symbols used to denote data obtained by man-
ual separation of the particles).

Figure 1a. Concentration distribution for heavier spe-
cies.
Superficial fluidization velocity � 0.045 m/s. Dispersion
coefficient � 0.0006 m2/s. Model predicts the progression
toward steady state with the time values indicated. Experi-
mental data are indicated by the discrete points (circles are
used to denote data based on the pressure transducer read-
ings, square symbols used to denote data obtained by man-
ual separation of the particles).
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similar to that for the binary case. Although, the steady-state
distribution for the lighter species is similar to that for the
binary case, the dynamics is quite different as shown in Figure
3c. The distribution at early times shows low volume fractions
at both the top and bottom of the bed with bimodal maximums
(times 0.34 through to 51 s). A single maximum then develops
and the top volume fraction starts to increase (times 92 though
to 415 s). Finally, the maximum disappears and the final shape
of the distribution develops (times 832 and 1,500 seconds). The
final distribution for the middle species shows a maximum in
the central part of the bed as shown in Figure 3b. The distri-

butions at earlier times for the middle species is very similar to
that of the light species, however, the bottom volume fractions
are larger and only a single maximum exists at all times for the
middle species. It is interesting to note that at steady state the
middle species exists over the entire domain of the bed, al-
though with higher concentrations near the middle of the bed.

Conclusions

A mathematical model of a liquid-fluidized bed was derived
using a dynamic flux balance of the particle segregation and
dispersion. Unlike previous models, this model relies only on
the initial conditions, with the final steady-state distribution of
the particle species arrived at dynamically. The solution yields
the concentration distribution of each species, the bed height,
as well as the corresponding segregation velocities. The steady-
state concentration distributions of the species obtained using
the model were in good agreement with the corresponding
experimental data, once the optimum axial dispersion coeffi-
cient was used. The dynamics of the process show very non-
uniform behavior and, hence, special numerical methods are
required to solve the dynamic model.
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